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Abstract. We classify three-dimensional Fano varieties with canonical Gorenstein singularities 
of degree bigger than 64. 
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1. Introduction 

In the present article we study three-dimensional Fano varieties^ with canonical Gorenstein 
singularities. We consider such varieties from the view point of the value of their anti-canonical 
(■vj ■ degree. 

It follows from the main result in [2j that the anti-canonical degree of Fano threefolds with 
canonical Gorenstein singularities is bounded. Under the stronger restrictions on singularities 
there is a precise estimate: 

Theorem 1.1 ([12]. [13] . [22], [20]). Let X be a non-singular Fano threefold. Then -K\ sC 64 
with equality only for P 3 . 



< 
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For Fano threefolds with terminal Gorenstein singularities we have the following result: 



Theorem 1.2 ([23]). Let X be a Fano threefold with terminal Gorenstein singularities. Then 
X can be deformed to a non-singular Fano threefold. In particular, —K\ ^ 64. 

Much more general result in the direction of getting a sharp bound for the degree of Fano 
| threefolds with canonical Gorenstein singularities was obtained in [26] : 

Theorem 1.3. Let X be a Fano threefold with canonical Gorenstein singularities. Then —K x ^ 
72 with equality only for P(3, 1, 1, 1) and P(6,4, 1, 1). 

It was conjectured in the paper [26] that for the Fano threefold X with only cDV singularities 
the estimate — K x ^ 64 holds. In the present article we will prove the following 

Theorem 1.4. Let X be a Fano threefold with canonical Gorenstein singularities such that 
64 < —K x ^ 70. Then X is one of the following: 

• The image under birational projection of the anti-canonically embedded Fano threefold 
P(6, 4, 1, 1) C P 38 from a singular point on P(6, 4, 1, 1) of type cDV. In this case —K x = 
70 and X has non-cDY singularities; 

• The anti- canonical image of the rational scroll Proj (Opi (5) © Opi (2) © Cpi)- In this 
case —K x = 66 and X has non-cDV singularities. 

Remark 1.5. Threefold X with —K x = 70 was found by I. Cheltsov. 

It follows easily from the Riemann-Roch formula on the Fano threefold X that — K x is an 
even number. Thus, Theorems 11.31 and 11.41 exaust all Fano threefolds with canonical Gorenstein 
singularities of degree bigger than 64. Moreover, since threefolds P(3, 1,1,1) and P(6, 4, 1,1) 
have singularities worse than cDV, from Theorems 11.31 and 11.41 we deduce 

Corollary 1.6. Let X be a Fano threefold with only cDV singularities. Then —K x ^ 64. 

Corollary 11.61 appears to be a justification for the following conjecture in [26] : 
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x We assume that all varieties are projective, normal and denned over C. 
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Conjecture 1.7. Let X be a Fano threefold with only cDV singularities. Then X has a smooth- 
ing by a flat deformation. 

Let us give the following 

Definition 1.8. Threefold U with canonical singularities is called a Fano-Enriques threefold if 
—Kjj is not Cartier but —Kjj = H for some ample Cartier divisor H. 

Remark 1.9. The study of threefolds possessing an ample Cartier divisor which is a non-singular 
Enriques surface was initiated by G. Fano in [9] (see also [5] and [6]). It is easy to see (see 
for example [1]) that if such a threefold has canonical singularities, then it is a Fano-Enriques 
threefold. On the other hand, according to [25|, Proposition 3.1] and |251 Proposition 3.3] general 
element S € \H\ on Fano-Enriques threefold U has only Du Val singularities and the minimal 
resolution of S is an Enriques surface. Moreover, if U has isolated singularities and H s ^ 2, 
then general element in \H\ is a non-singular Enriques surface (see |251 Corollary 3.7]). 

According to [I] the equivalence 1{K\j + S) ~ holds. Thus, on U we have — Kjj ~q H. 
Moreover, by [3, Proposition 14] if —Kjj ~q nH' for some integer n > and ample Cartier 
divisor H' , then n = 1. In particular, Q-Fano threefolds of Fano index 1 form a subclass of 
Fano-Enriques threefolds. Q-Fano threefolds of Fano index 1 with cyclic quotient singularities 
were classified in p] and [31] . 

Let U be a Fano-Enriques threefold such that —Kjj = H for some Cartier divisor H. By |25[ 
Lemma 2.2] the value g := + 1 is an integer number. Let us call it the genus of U. The 
problem of genus bound for Fano-Enriques threefolds was investigated in [27] and [16]. In [27] 
the sharp bound g ^ 17 was proved under the assumption that U has only isolated singularities. 

In our setting we have 

Corollary 1.10. Let U be a Fano-Enriques threefold of genus g. Then g ^ 17. 

Proof. Since 2{Ku+S) ~ for S G \H\ (see Remark ll.9p . we can take a global log canonical cover 
7r : X — > U with respect to Kjj + S (see |15|). Morphism tt has degree 2 and the equivalence 
tt* (Kjj+S) ~ holds. In particular, X is a Fano threefold with canonical Gorenstein singularities 
and degree — K x =4^ — 4. Moreover, ir is ramified precisely in that points on U where Ky 
is not Cartier. Since —K\j ~q S and S is normal, the set of such points is finite. Hence the 
Galous involution of tt induces on X an automorphism r of order 2 such that r acts freely in 
codimension 2. 

Suppose that g > 17. Then we get —Kx > 64. Since —K x is divisible by 4, from Theorems ll.3l 
and Owe deduce that X = P(3, 1, 1, 1) or P(6,4, 1, 1). 

If X = P(3, 1, 1, 1), then the linear system | — ^-fOf] gives an embedding of X in P 10 such 
that the image of X is the cone over del Pezzo surface of degree 9. Moreover, since | — \Kx\ 
is r-invariant, there is a r-invariant hyperplane section S of X C P 10 not passing through the 
vertex. Then S ~ P 2 and hence r fixes infinitely many points on S which is impossible. 

Thus, X = P(6,4, 1, 1). Take weighted projective coordinates xo, x%, X2, £3 on X such that 
degxo = 6, degxi = 4, degX2 = degX3 = 1 and Xi is an eigen function with an eigen value ±1 
with respect to r, 1 ^ i ^ 4. If both xo, x\ (^2, X3, respectively) have the same eigen value, 
then the curve given by equations X2 = X3 = (xo = xi = 0, respectively) consists of r-fixed 
points which is impossible. Thus, we can assume that r is given by the following formula 

[x : xx : x 2 : x 3 ] h-> [x : -x x : x 2 : -x 3 ]. 

But again the curve given by equations x\ = X3 = consists of r-fixed points. The obtained 
contradiction completes the proof of Corollary 11.101 □ 

We prove Theorem 11.41 following the ideas of [26] . To be more precise, for the given Fano 
threefold X satisfying the conditions of Theorem ll.4l we take a terminal Q-factorial modification 



ON FANO THREEFOLDS WITH CANONICAL GORENSTEIN SINGULARITIES 



ip : Y — ► X. Here morphism ip is crepant and threefold Y has terminal factorial singularities. 
In particular, —Ky = —K x and thus all the considerations can be lifted to Y. 

For Y the complete description of if-negative extremal contractions can be obtained. With 
this description at hand in Section [3] we find X with — K x = 70 and non-cDV singularities and 
reduce the proof of Theorem ll.4l to the case when there are no if- negative extremal contractions 
of Y to threefolds with terminal factorial singularities having nef and big anti-canonical divisor. 
This and results in [26] imply that the initial Fano threefold X is singular along a line or contains 
a plane. 

In Section [J] following [26] we obtain a Mori fibre space W with a birational map W — - > X 
given by the linear subsystem in j — Ky/ | . It is straightforward from [26] that W is not a Q-Fano 
threefold. 

In Section [5] for W a del Pezzo fibration we find X with —K x = 66 and non-cDV singularities 
and reduce the proof of Theorem 11.41 to the case when W is a conic bundle. Following [26] we 
will exclude this case in Section [6l 

I would like to thank I. Cheltsov, Yu. G. Prokhorov and C. Shramov for their numerous 
remarks and attention to the present paper which led to the correction of the gap in the older 
version. I also would like to express my gratitude to V. A. Iskovskikh for stimulating discussions. 

2. Basic notions and statements 

We use standard notions and facts from the Minimal Model Program (see for example |18|). 
Recall that algebraic variety X is called a Fano variety if divisor — Kx is an ample Q-Cartier 
divisor. If divisor — Kx is only nef and big, then X is called a weak Fano variety. 

In the present article we consider three-dimensional (weak) Fano varieties only with (no more 
than) canonical Gorenstein singularities. 

Let X be a Fano threefold. From the Riemann-Roch Formula and Kawamata-Vieweg Van- 
ishing Theorem it is easy to find the dimension of the anti-canonical linear system on X (see 

dim \-K x \ = -\k\ + 2 

The constant —K x is called the degree of X and g := — \K X + 1 is the genus of X. Thus, 
dim | — Kx\ = g + 1 and —K x = 2g — 2. In particular, —K x is an even number and for X 
satisfying the conditions of Theorem 11.41 we have —K x E {66, 68, 70}. 
Furthermore, we have 

Theorem 2.1 ([30]). A general member L £ | — Kx\ has only Du Val singularities. 

Proposition 2.2 (|14|). In the above notation, i/Bs| — Kx \ 7^ 0, then —K x ^ 22. 

For the movable anti-canonical linear system | — Kx\ let us denote by P\-k x \ '■ X ~^ 9+1 
the corresponding rational map. 

Proposition 2.3 ( |24l Theorem 1.5]). In the above notation, if <pij( x \ is a morphism which is 
not an embedding, then —K x 40. 

Proposition 2.4 ( \24\ Theorem 1.6]). In the above notation, if <P\-k x \ ^ s an embedding and 
ipi Kx i(X) is not an intersection of quadrics, then —K x ^ 54. 

Remark 2.5. From Propositions 12.2142. 41 we deduce that for the given Fano threefold X with 
— K\ € {66,68,70} the linear system | — Kx\ is free and determines an embedding p\^x x \ '■ 
X — ► P9+ 1 with g E {34,35,36} such that ^29-2 := <P\-K X \(X) is an intersection of quadrics. 

Now let us consider several birational properties of the given Fano threefold X. 
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Theorem 2.6 ([18]). Let V be a threefold with only canonical singularities. Then there exists a 
threefold W with only terminal Q-factorial singularities and a birational contraction (j) : W — ► V 
such that Kw = <jfKy. Such W (or (ft) is called a terminal Q-factorial modification of V . 

Remark 2.7. In the notation of Theorem 12.61 let W and W be two terminal Q-factorial mod- 
ifications of V. Then W and W are relative minimal models over V (see [18 1). Thus, the 
birational map W — ■» W is either an isomorphism or a composition of flops over V (see [17} 
Theorem 4.3]). 

Applying Theorem 12.61 to X we obtain a birational contraction ip : Y — > X such that 
Ky = <p*Kx and Y is a weak Fano threefold with terminal Gorenstein Q-factorial singularities 
and -K Y = -K\. 

Furthermore, we have 

Lemma 2.8 ([13 Lemma 5.1]). In the above notation, threefold Y has factorial singularities. 

Remark 2.9. Conversely, for any weak Fano threefold Y with terminal factorial singularities its 
multiple anti-canonical image X = ip\— n Ky\(Y) for some n G N is a Fano threefold such that 
Ky = ip*Kx- In particular, X has canonical Gorenstein singularities (see [15]). 

Proposition 2.10 ([26, Lemmas 4.2, 4.3]). In the above notation, the Mori cone NE(Y) is 
polyhedral and generated by contractible extremal rays (i.e., rays R for which there exists a 
contraction ifR : Y — > Y' onto the normal variety Y' such that the image of a curve C is a 
point if and only if [C] G R for the class of numerical equivalence of C). 

Remark 2.11. From Theorem 11.21 for the given Fano threefold X with —K x G {66,68,70} we 
deduce that X ^ Y. In particular, we have p(Y) > 1 for the Picard number of Y. Hence 
according to Proposition 12.101 the anti-canonical divisor —Ky defines a face of the Mori cone 
NE(Y) and ip : Y — ► X is the contraction of this face. 

Example 2.12. Let us consider the P 1 -bundle Y = Proj(O p2 O p2 (3)) over P . For the 
tautological line bundle Oy{l) the linear system |0y(l)| determines a birational contraction 
ip : Y — ► X of the negative section on Y . Since Ky ~ Oy{2), we have Ky = <p*Kx- This 
implies that X is a Fano threefold with canonical Gorenstein singularities (see Remark 1 2. 9 p and 
Y is a terminal Q-factorial modification of X. Moreover, by construction X has index 2 and 
degree 72. It then follows from Theorem 11.31 that X ~ P(3, 1, 1, 1). 

Remark 2.13. In the notation of Example 12.121 ip is an extremal contraction and (/^-exceptional 
locus is isomorphic to P 2 . This in particular implies that there are no small X-trivial extremal 
contractions on Y. Then according to Remark 12.71 all terminal Q-factorial modifications of 
P(3, 1, 1, 1) are isomorphic to Y . 

Example 2.14. Let us consider the weighted projective space X = P(6, 4, 1,1). The singular 
locus of X is a curve L ~ P 1 such that for two points P and Q on L singularities P G X, Q £ X 
are of types |(4, 1,1), |(2, 1,1), respectively, and for every point O G L\ {P, Q} singularity 
O G X is analytically isomorphic to (0, o) G C 1 x U, where o G U is a singularity of type |(1, 1) 
(see [10] 5.15]). Since —Kx ~ Ox (12) is ample, this implies that X is a Fano threefold with 
canonical Gorenstein singularities. 

Let o"i : Y\ — ► X be the blow up at the point P with weights |(4, 1, 1). Then the singular 
locus of the threefold Y\ is a curve L\ such that for two points Pi and Q\ on L\ singularities 
Pi G Y\, Qx G Y\ are of type |(2, 1, 1) and for every point O G L\ \ {Pi, Qi} singularity O G Y\ 
is analytically isomorphic to (0, 6) G C 1 x U, where o G U is a singularity of type ^(1, 1). 

Let o"2 : Yi — ► Y\ be the blow up at the points Pi and Q\ with weights ^(2,1,1). Then 
the singular locus of the threefold Y^ is a curve L2 — P 1 such that for every point O on L2 
singularity O G Y2 is analytically isomorphic to (0, 6) G C 1 x U, where o G U is a singularity of 
type 1(1,1). 



ON FANO THREEFOLDS WITH CANONICAL GORENSTEIN SINGULARITIES 



5 



Finally, the blow up 03 : Y — > Y2 of the ideal of the curve L2 on Y2 leads to the non-singular 
threefold Y and the birational contraction ip : Y — * X. By construction morphisms <7j are 
crepant, 1 ^ i ^ 3, and morphism ip is a composition of <7j. This implies that Ky = <p*Kx and 
Y is a terminal Q- factorial modification of X. 

Remark 2.15. In the notation of Example 12. 121 9? is a composition of extremal contractions and 
(^-exceptional locus is of pure codimension 1. This in particular implies that there are no small 
if-trivial extremal contractions on Y. Then according to Remark 12.71 all terminal Q- factorial 
modifications of P(6, 4, 1, 1) are isomorphic to Y. 

In the above notation, let us consider a K- negative extremal contraction / : Y — ► Y' . We 
have 

Proposition 2.16 ([26l Propositions 4.11, 5.2]). If dim Y' < dimY, then -K x £ {66,68,70}. 

Let us assume now that contraction / is birational. Then by [21, (2.3.2)] morphism / is 
divisorial. Let E be the /-exceptional divisor. 

From the classification of extremal rays on terminal factorial threefolds in [7] we obtain 

Lemma 2.17. In the above notation, if f(E) is a point, then one of the following holds: 

• Y' has only terminal factorial singularities and is a weak Fano threefold with —K Y , > 
-K Y ; 

• E ~ P 2 , O e (E) ~ O p2 (2) and f{E) sY' is a point of type ±(1, 1, 1). 

Corollary 2.18. In the assumptions of Lemma 2.17\ if f(E) € Y' is a point of type i(l, 1, 1), 
then <p{E) is a plane on X (a surface II ~ P 2 such that K x ■ H = 1). 

Proof. Since E ~ P 2 and O e (E) ~ O p2 (2), we have 

/ 1 \ 2 1 



K Y -E= ^f*K Y , + -E) ■ E = -(0 F 2(2)Y = 1. 

This implies that <p(E) is a surface n~P 2 onI with K\ ■ II = 1. □ 

Lemma 2.19. In the above notation, if f{E) is a curve, then Y' has only terminal factorial 
singularities and one of the following holds: 

Y' is a weak Fano threefold with —Kyi ^ — K Y ; 
• For C := f(E) we have Ky ■ C > and C is the only curve having positive intersection 



• I (..-> II (11(1/1 I. I II II f llllll /(/((/ IUIIII — S\yl ^ — XV Y> 

and C is th 

with Ky ■ In this case C ~ P 1 and either E ~ P 1 x P 1 or Fi 



Sketch of the proof. We use the arguments from the proof of Proposition-definition 4.5 in |26| . 
According to [7] threefold Y' is non-singular near C and / is the blow up of C. This in particular 
implies that Y' has only terminal factorial singularities. 
We have K Y = f*Ky + E and 

K Y = Ky, + 3f*Ky -E 2 + E 3 . 

If Y' is a weak Fano threefold, then 

< (-K Y ) 2 ■ E = 2f*Ky • E 2 + E 3 , < (-K Y ) ■ (-f*Ky) ■ E = f*Ky ■ E 2 . 

This gives the inequality —K Y , —Ky. 

Now, if Y 1 is not a weak Fano threefold, then Kyi ■ Z > for some irreducible curve Z. It is 
easy to see that Z = C. Then from Lemmas 4.2 and 4.3 in [26] and Corollary 1.3 in [21] we get 
C^P 1 . 

Thus, E ~ F n for some n ^ 0. Since — Ky|s is a section of the fibration E — > C, we can 
write 

—Ky\e ~ /i + (n + a)/, 
where h is the negative section and I is a fibre. We have a ^ because —Ky\ E is nef. 
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Thus, we obtain 

> -Ky, -C = K Y -E-2 + 2p a (C) = {-K Y \ E ) 2 - 2 = n + 2a - 2, 
which implies that a = and n ^ 1. □ 

Corollary 2.20. In the assumptions of Lemma \2.19l 

• If E ~ P 1 xP 1 , then (f(E) is a line on X (a curve T ~ P 1 such that —Kx - V = 1) and 
X is singular along <p(E); 

• // E ~ Fi, then (p(E) is a plane on X (a surface II ~ P 2 such that K x • II = 1). 

Proof. In the notation from the proof of Lemma 12.191 if -E — F 1 x P 1 , then — Ky ■ h = and 
— Ky -1 = 1. This implies that (p(E) is a curve r ~ P 1 on X with — Kx • T = 1. 

If E ~ Fi, then —Ky ■ h = and /i is the only curve on E having zero intersection with —Ky. 
This implies that <p(E) is a surface n~P 2 onI with K\ ■ IT = K y ■ E = 1. □ 

Finally, recall that a normal three-dimensional singularity o € V is called a cDV singularity 
if it is analytically isomorphic to a hypersurface singularity f(x, y, z) +tg(x, y, z) =0 in C 4 with 
coordinates x, y, z, t, where f(x, y,z) = is an equation of a Du Val singularity. 

Proposition 2.21 ([28])- If o £V is a cDV point, then the discrepancy of every prime divisor 
with center at o is strictly positive. 

Corollary 2.22. If o ^iV is an isolated cDV point, then it is terminal. 

Proposition 2.23 ([28, Corollary 2.10]). Suppose that V is projective. Then o £ V is a cDV 
point if and only if for general hyperplane section H through o singularity o € H is Du Val. 

3. Beginning of the proof of Theorem 11.41 preliminary results 

We use the notation and assumptions from Section [2j Let X be a Fano threefold satisfying 
the conditions of Theorem 11.41 and Y be its terminal Q-factorial modification. 

Fix a ii'-negative extremal contraction / : Y — > Y'. By Proposition 12.161 and [2 1 1 (2.3.2)] 
morphism / is birational with exceptional divisor E. 

Throughout this section we will assume that Y' has terminal factorial singularities and —Kyi 
is nef. According to Lemmas 12.171 and 12.191 this in particular implies that Y' is a weak Fano 
threefold. 

By Remark 12.91 Y' is a terminal Q-factorial modification of some Fano threefold X' with 
canonical Gorenstein singularities. Let us denote by ip : Y' — ► X' the corresponding anti- 
canonical morphism. 

Lemma 3.1. In the above notation, if f(E) is a point and —K Y , = 72, then —K Y ^ {66, 68, 70}. 

Proof. By Theorem 11.31 threefold Y' is a terminal Q-factorial modification either of P(3, 1, 1, 1) 
or of P(6, 4, 1, 1). Then by Remarks 12.131 and 12.151 Y' is non-singular. 

According to [7] morphism / is the blow up of the maximal ideal of the point f(E) S Y' . 
Since Y' is non-singular, this in particular implies that Ky = f*Ky> + 2E and I? 3 = 1. Then 
we get 

-K Y = 72- 8E 3 = 64. 

□ 

Proposition 3.2. In the above notation, if f(E) is a curve and —K Y / = 72, then —K Y = 70 
and X is the image under birational projection of the anti-canonically embedded Fano threefold 
P(6, 4, 1, 1) C P 38 from a singular point on P(6, 4, 1, 1) of type cDV. 
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Proof. By Theorem 11.31 threefold Y' is a terminal Q-factorial modification either of P(3, 1, 1, 1) 
or of P(6,4, 1,1). In particular, either X' = P(3, 1, 1, 1) orP(6,4, 1,1) (see Remark EJl]). 

By Remarks 12.131 and 12.151 threefold Y' is isomorphic to that constructed either in Exam- 
ple EJJ or in Example EH 

Set C := f(E). According to [7] morphism / is the blow up of C. 

Lemma 3.3. In the above notation, we have X' ^ P(3, 1, 1, 1). 

Proof. Suppose that X' = P(3, 1, 1, 1). According to Example 12.121 the ■(/'-exceptional locus E^ 
is an irreducible divisor which is contracted to the singular point on X' . 

We have n C = 0. Indeed, otherwise, since ip(E^) is a point, we can find a curve Z C Y 
such that Ky ■ f*Z = and E ■ Z > 0. Then from the equality 

K Y = f*K Y > + E 

we get Ky ■ Z > 0. This is impossible because — Ky is nef. 
Let us consider the following commutative diagram: 

Y—^Y' 



/' 

X -< - - X' 

Morphism ip is given by the linear system | — Ky \ = \f*(—Ky) — E\. Hence the map <~p o f^ 1 
is given by the linear system | — Ky — C\. Since E^ n C = 0, the map /' is given by the linear 
system | — Kx 1 — ip(C)\. According to Propositions 12.2 1 and 12.31 threefold X' is anti-canonically 
embedded in P 38 . This implies that the curve ip(C) is cut out on X' by some linear subspace 
V c P 38 . 

On the other hand, X = X 2g - 2 C P 9+1 where g G {34,35,36} (see Remark [23]). Thus, 
diml/ < 2 and —Kx 1 ■ ip(C) ^ 2 because X' is an intersection of quadrics (see Proposition 12. 4p . 
For X' = P(3, 1, 1, 1) we have -K x > ~ O x >{<o) (see [ID]). Hence 

0<O*/(l).^(C)<i 

This implies that the curve ip{C) passes through the singular point on X' which is impossible 
because E^ n C = 0. □ 

Thus, Y' is a terminal Q-factorial modification of X' = P(6,4, 1,1). Let P and Q be two 
non-cDV points on X' introduced in Example 12.141 

Lemma 3.4. In the above notation, ip{C) is a point distinct from P and Q. 

Proof. Suppose that ip(C) is a curve. Then for the ^-exceptional locus E^ we have E^ (1 C = 0. 
Indeed, otherwise we can find a curve Z C Y such that Ky ■ f*Z = and E ■ Z > 0. Then from 
the equality 

K Y = f*Ky + E 
we get Ky ■ Z > 0. This is impossible because —Ky is nef. 

Now repeating word by word the arguments from the proof of Lemma 13.31 we obtain that 
-K x * ■ i>(C) ^ 2. For X' = P(6,4, 1, 1) we have -K x , ~ O x >(12) (see [TO]). Hence 

o<o x >(i)-i>(c) ^ \. 

b 

This implies that the curve ip(C) passes through the singular point on X' which is impossible 
because E^ n C = 0. The obtained contradiction shows that ip(C) is a point. 

Now if ip(C) is either P or Q, then we can find a curve Z C Y such that Kyi ■ f*Z = and 
E ■ Z > 0. From the equality 

Ky = f*Ky + E 
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we get Ky ■ Z > 0. This is impossible because —Ky is nef. □ 

Remark 3.5. Set O := ip(C). According to Example 12.141 £ X' is a point of type cAi. Then 
Lemma 13.41 in particular implies that C = i^>~ l (0) is an irreducible rational curve. 

According to Propositions 12.21 and [231 threefold X' is anti-canonically embedded in P 38 . In 
what follows, we consider X' with respect to this embedding. In the notation of Remark 13.51 
let us denote by ir the projection of the threefold X' from the point O. 

Lemma 3.6. tt(X') is a Fano threefold with canonical Gorenstein singularities and degree 70. 

Proof. Let a : W — > X' be the blow up of the maximal ideal of the point O. We get the 
following commutative diagram: 

W 



X' -^---tt(X') 

The projection ir is given by the linear system 7i C | — Kx'\ of all hyperplane sections of X' 
passing through O. Since O £ X' is a cAi point (see Remark I3.5p . for general H £ TL we have 

a; 1 H = a*(H)-E (T , 

where E a is the u-exceptional divisor. On the other hand, by the adjunction formula we have 

K w = a*K x , + E a . 

Thus, morphism r : W — > ^(^O is given by the linear system o~~ l Tl C | — Kyy\. In 
particular, W is a weak Fano threefold and tt(X') is a Fano threefold. Moreover, by construction 
singularities of W are canonical and Gorenstein. Then, since morphism r is crepant, by [15] 
singularities of vr(X') are also canonical and Gorenstein. 

Finally, since -K \, = 72 and multo(X') = 2, the de gree of 7r(X') equals 70. □ 

Lemma 3.7. In the above notation, we have X = ir(X'). 

Proof. We use the notation from the proof of Lemma 13.61 Let L ~ P 1 be the singular locus of 
X' (see Example I2.14p . The morphism ip factors through the blow up of the curve L. Then 
by Lemma 13. 4| Remark 13.51 and the property of blow ups we obtain the following commutative 
diagram: 




where r\ is the contraction of the proper transform of the ^-exceptional divisor E^. In particular, 
we have Ky = n*Kw- 

Since tt(X') is the anti-canonical image of W, this implies that Y is a terminal Q- factorial 
modification of n(X'). Hence X = ir(X') by Remark [2TEJ □ 



Proposition 13.21 is completely proved. 



□ 



Proposition 3.8. In the assumptions of Proposition \3.SX threefold X has only one singular 
point which is non-cDY . 

Proof. In the notation of Example 12.14^ let L be the singular locus of P = P(6,4, 1, 1). 
Lemma 3.9. In the above notation, the curve L is a line (i.e. L ~ P 1 and —Kf ■ L = 1). 
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Proof. The curve L is given by the equations 22 = 23 = where xq, xi, X2, 23 are weighted 
projective coordinates on P of weights 6, 4, 1, 1, respectively (see \10\ 5.15]). This in particular 
implies that L ~ P . It remains to show that — Kj> ■ L = 1. 

Let S be the surface in P with equation X3 = 0. Then L C S and 

— Kf> ■ L = (— Kp\s ■ L). 

The last intersection is taken on S = P(6, 4, 1) ~ P(3, 2, 1) (see [101 5.7]). 
Since — Kf ~ 0p(12), general element Z? G | — ETp| is given by the equation 

a xl + a 6 (x 2 ,x 3 )x + a 2 (x 2 , x 3 )x x 1 + a 4 (2 2 , 23)2? + as (22, £3)21 + 012(22, 23) = 0, 

where 0^(22,23) are homogeneous polynomials of degree i on the variables 22, 23. 

If yo, yi, y2 are weighted projective coordinates on S of weights 3, 2, 1, respectively, then D\s 
is given by the equation (see [TOj, 5.10]) 

boVo + hvovl + b 2 yoyiy2 + hy\ + b±y\y\ + b^y x y\ + b§y% = 
on S, where bi G C. This implies that L>|s ~ Og(6). Thus, we have 

-K F -L = (-K F \ S ■ L) = (O s (6) • 0s(l)) = 1 
for the last intersection on S = P(3, 2, 1) (see [S]). □ 
Let P and Q be two non-cDV points on P = P(6, 4, 1, 1) introduced in Example 12.141 

Lemma 3.10. In the above notation, L is the unique line on P passing through singular points 
on P distinct from P and Q . 

Proof. Let Lq ^ L be a line on P intersecting the line L at some point other than P and Q. 

In the notation from the proof of Lemma 13.91 let t Ai,a 2 ; Aj G C \ {0}, be the automorphism 
of P given by the following formula: 

7Ai,A 2 : : 21 : x 2 : 23] h-> [Ai2 : A 2 2i : x 2 : 23]. 

The group generated by ta 1i a 2 acts transitively on L \ {P, Q} (see [ID], 5.15). 

Apply automorphisms t^ 1j a 2 to Lq. We obtain a family of lines {L t }, t G L \ {P, Q}, on P 
such that each line Lt intersects L at some point Pt with Pt 7^ for t ^ t' . 

Let T be the terminal Q-factorial modification of P and <fi : T — > P the corresponding anti- 
canonical morphism. Let L' t be the proper transform of line Lt on T. We have — Kt ■ L' t = 1. 
Moreover, set E P := _1 (P), := ^(Q) and E x := ^(L). Then 

E P ■ L' t = E Q ■ L' t = and S x ■ = 1 

on T. Since for the (^-exceptional locus E^ we have E^ = Ep U i?Q U El (see Example 12. 141) . 
the obtained equalities imply that the curves in the family {L' t } are numerically equivalent. 

Furthermore, from the equality — Kp ■ L' t = 1 and Proposition 12.101 we deduce that the ray 
R := R+[L£] determines an extremal contraction (pp : T — > T' . By Propositions 4.11 and 5.2 
in [26] and [2U (2.3.2)] the contraction ifp is birational and contracts the surface 

Er := |J L' t 

teL\{P,Q} 

to some curve. 

If T' is a weak Fano threefold, then by Lemma 12.191 we have —K^i ^ —Kj, = 72. Thus, 
by Remark 12.91 and Theorem 11.31 threefold T' is a terminal Q-factorial modification either of 
P(3, 1, 1, 1) or of P(6, 4, 1, 1). By Remarks [2T3] and [2T5] either V ~ T or V is that constructed 
in Example 12.121 This implies that p(T') = p{T) — 1 = 4 equals either 5 or 2, a contradiction. 

Hence by Lemma 12 . 1 91 divisor —Kp> is not nef and either Ep = Fi or P 1 x P 1 . But according 
to Corollary 12.201 equality Ep = P 1 x P 1 implies that Ep C E^ which is not the case. 

Thus, we get Ep = Fi. But EpHEp, EqCiEp ^ and 4>{Ep), 4>{Eq) are two distinct points 
on P. This implies that there are two distinct curves on Ep having zero intersection with Kp. 
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But according to calculations in the proof of Lemma 12.191 the negative section on Er = Fi is 
the only curve on Er having this property. The obtained contradiction completes the proof of 
Lemma EH □ 

We use the notation from the proof of Proposition 13.21 By Lemmas 13.91 and 13.101 morphism 
t : W — ► X = tt(X') contracts only the proper transform V of the line L to the unique singular 
point on X. Set o := t(L'). 

Lemma 3.11. Singularity o € X is nem-cDV . 

Proof. If the point o G X is cDV, then X has terminal Gorenstein singularities by Corollary l2.22l 
But this contradicts Theorem 11.21 because — K\ = 70. □ 

Proposition 13.81 is completely proved. □ 

Remark 3.12. From Proposition 13.81 it is not difficult to see that p(X) = 1 for Fano threefold 
X satisfying the conditions of Proposition 13.21 We will denote this X by Xjq. Furthermore, 
in the notation from the proof of Lemma 13.101 since the group of automorphisms t\ u \ 2 ac ts 
transitively on L \ {P, Q}, from Lemmas l3.3H3.7l we deduce that the threefold Xjq is unique up 
to isomorphism. 

Lemma 3.13. In the above notation, if X = Xjq, then every terminal Q-factorial modification 
of X is non-singular. 

Proof. We use the notation from the proof of Proposition l3.2[ We have shown that the morphism 
/ : Y — ► Y' is the blow up of a non-singular curve on a non-singular threefold Y'. Thus, X 
possess a non-singular terminal Q-factorial modification. 

Now from Theorem 2.4 in [T7j and Remark 12.71 we deduce that every terminal Q-factorial 
modification of X is non-singular. □ 

Corollary 3.14. In the above notation, if f(E) is a point and X' = Xjq, then —K Y fi 
{66,68,70}. 

Proof. By Lemma [3 . 1 3 1 threefold Y' is non-singular. Then repeating word by word the arguments 
from the proof of Lemma |3. II we obtain that — K Y = 62. □ 

Corollary 3.15. In the above notation, if f(E) is a curve and X' = Xjq, then —K Y fi 
{66,68,70}. 

Proof. Set C := f(E). By Lemma [3.131 threefold Y' is non-singular and according to [7] / is the 
blow up of C. 

If ip{C) does not pass through the singular point on X' , then repeating word by word the 
arguments from the proof of Lemma 13.31 we get 

-K x , ■ rp(C) 2. 

By construction of X70 and our assumption X' is isomorphic to P = P(6, 4, 1, 1) near ip(C). In 
particular, the image C of the curve ip(C) on P does not pass through the singular points. 
On the other hand, we have 

0<O P (l)-C" = ^(-^-^(C))<i 

This implies that the curve C passes through the singular point on P, a contradiction. 

Thus, we get E^ n C 7^ for the ^-exceptional locus E^. But ip(E^) is a point on X' . Hence 
we can find a curve Z C Y such that Ky ■ f*Z = and E ■ Z > 0. Then from the equality 

K Y = f*K Y > + E 

we get Ky ■ Z > 0. This is impossible because — Ky is nef. □ 
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Remark 3.16. It follows from Lemma 13.11 Propositions 13.21 and [5T8| Corollaries 13.141 and I3.15| 
the estimates p(Y') < p(Y) and —K Y i *J — K y (see Lemmas 12.171 and 12. 19j) that to complete 
the proof of Theorem 11.41 it remains to consider the case when there are no K-negative extremal 
contractions of Y on weak Fano threefolds with terminal factorial singularities. Then by Corol- 
laries [2T8] and E2U] either the corresponding Fano threefold X is singular along a line or contains 
a plane. 

4. Reduction to the log Mori fibration 

In this section we follow §6 in [26j . Let X be a Fano threefold satisfying the conditions of 
Theorem 11.41 Recall that by Remark 12.51 threefold X = X2 g ~2 is anti-canonically embedded in 
P 5+1 with g € {34, 35, 36} and -^2g-2 is an intersection of quadrics. 

According to Remark 13. 161 in order to complete the proof of Theorem ll.4l we may assume that 
either X is singular along a line T or contains a plane II (cases A and B, respectively). It is 
also convenient to distinguish the case C: threefold X has at least one non-cDV point O. 

Set £ := | — Kx\ and consider the following linear systems Ti C C: 

H:={H € C\H D T} in case A; 
H := {H\H + U € £} in case B; 

H:={H e C\H 3 0} in case C. 

Take a terminal Q-factorial modification <p : Y — > X of X. Let Cy and Tiy be the proper 
transforms on Y of linear systems C and Ti, respectively. We have 

ip*n = h y + d y 

where Dy ^ is an integral effective exceptional divisor. 

Remark 4.1. According to Corollary 2.14 in [28] all the components of Dy are surfaces of negative 
Kodaira dimension. 

Furthermore, we have 

Ky + Hy + Dy = ip*(K x + H) ~ in cases A and C; 

Ky +Hy + D Y = (p*{K x + H + U) ~ in case B. 

Lemma 4.2 ([26, Lemma 6.5]). In the above notation, the image of the threefold X under the 
map ipn given by the linear system TL is of dimension 3. 

Lemma 4.3 ([26, Lemma 6.8]). In the above notation, one can take Y so that 

• the pair (Y,Tty) is canonical; 

• the linear system Jiy is nef and consists of Cartier divisors. 

To the pair (Y,Tiy) constructed in Lemma 14.31 let us apply (Ky + 7Yy)-Minimal Model Pro- 
gram. Each step preserves the equality K + Ti = —D for some divisor D > 0. Hence at 
the end we obtain a pair (W, Hw) with (Kyy + ?^)- n egative contraction g : W — » V to a 
lower-dimensional variety V. 

Remark 4.4. By [26, Lemma 3.4] (Ky + 7^y)-Minimal Model Program preserves the property 
of TLy being nef and consisting of Cartier divisors. This implies that W has only terminal Q- 
factorial singularities. Moreover, let us denote by Cw the proper transform on W of the linear 
system Cy. Then K\y + £-w ~ and by Lemma 3.1 in [26] the pair (W, Cw) is canonical. In 
particular, the anti-canonical linear system | — Kyy \ does not have fixed components. 
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Remark 4.5. By construction the initial Fano threefold X is the image of W under the birational 
map (fc w given by the linear system Cw C | — K\y\. Furthermore, from Lemma 14.21 we deduce 
that the linear system Hw is ample over V and does not have fixed components. 

We have 

K w + H w + D W ~ 0, D w > 

on W and the inequalities 

dim | — Kw | ^ dim Cw = dim | — Kx \ , 
dim \H\ ^ dim H, 

where H € Hw is a general divisor. 

Remark 4.6. By Remark 14.51 we have dim | — Kw\ ^ dim | — Kx\- By construction of the linear 
system H we have dim7i ^ dim | — Kx \ — 3. Then from the assumption — K x G {66, 68, 70} we 
obtain that dim | — Kw\ ^ 35 and dim \H\ ^ 32. 

By construction variety V is a point, a curve or a surface. Moreover, when V is a point by 
Proposition 7.2 in [26] we have dim |— Kyy\ ^ 34 which contradicts the estimate from Remark l4.6l 
In what follows we will treat separately the cases when V is a curve and a surface. 

5. Proof of Theorem 11.41 in the case when V is a curve 

We use the notation and assumptions from Section HI From the Leray spectral sequence and 
Kawamata-Vieweg Vanishing Theorem we deduce that H 1 ^, Oy) = H (W, Ow) = 0. Thus, 
we have V — P 1 in the present case. 

General fibre W v of the contraction g : W — > V is a non-singular del Pezzo surface. For 
H G Hw divisor — (Kw v + H\w„) is ample by construction and divisor H\w v is ample by 
Remark [431 This implies that W v ~ P 2 or P 1 x P 1 . Moreover, for W v ~ P 2 we have either 
H\ Wv ~O p2 (l) or Opa(2). 

Lemma 5.1. In t/ie above notation, if W v ~ P 2 and H\w v — 0^(1), then W is a P 2 -bundle. 
Moreover, either W = Proj (C P i (5) Opi (2) C P i ) or Proj (C P i (6) © C P i (2) © P i) . 

Proof. It follows at once from Lemma 8.1 and Proposition 8.2 in [26] and Remark 14.41 that 
W = Proj (Opi(di) © Opi(d2) © Opi) with the following possibilities for (di,^): 

(1,1), (2,1), (2,2), (3,1), (3,2), (4,1), (4,2), (5,2), (6,2). 

Except for the last two cases we have dim | — Kw\ ^ 33 (see for example [29 \ 2.5]). Hence by 
Remark 14.61 the pair (cq,^) is either (5,2) or (6,2). □ 

Proposition 5.2. In the assumptions of Lemma \ 5.1\ if W = Proj (C P i(5) © C P i(2) © O p i), 
then —K x = 66 and X the anti- canonical image ofW. 

Proof. For W = Proj (O w i (5) © O f i (2) © £> P i ) we have dim | - K w | = 35. From Remark we 
deduce the equality | — Kw \ = Cw ■ In particular, for the initial Fano threefold X we must have 
—K x = 66. Let us show that this possibility is really obtained. 

On W we have — Kw ~ 3M — 5L where M is the tautological line bundle and L is the fibre 
of the morphism g (see for example |29|, A. 10]). Then the anti-canonical linear system | — Kw\ 
is generated by (see [29l 2.4]) 

(5.3) g x x% x x x\, g2Xix 2 X3, 9ax\x\, g$xlx 3 , g-jx\x 2 , g\^x\ 

where x\, x 2 , X3 are projective coordinates on the fibre L ~ P 2 , gi is a homogeneous polynomial 
of degree i on the projective coordinates to, t\ on the base V — P . In particular, the base locus 
of I — Kw I on W is a curve Co ~ P 1 given by equations x\ = x 2 = 0. 

In order to resolve indeterminacies of the map <fc w ■ W — - » X we may set £2 = £3 = 1 ; 
xi = x, x 2 = y and t\ = z. 
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Let o\ : W\ — > Wq = W be the blow up of the curve Co with exceptional divisor E\. 
Threefold W\ is covered by two affine charts each isomorphic to C 3 . We will again denote 
by x, y, z the coordinates on each chart . 

The map Uy — > Wo is given by 

(x,y,z) i ^ (x,xy,z). 

Then the linear system Cwi = is generated by 

9W 3 x 2 , 1, 92xy, gAX 2 y 2 , g 5 x, g 7 x 2 y, g 10 x 2 

on Uy which implies that C\y 1 is free on u[ . 
The map — ► Wq is given by 

(x,y,z) i ^ (xy,y,z). 
Then the linear system Cwi = (£w) is generated by 

(5.4) giy 2 , x, g 2 xy, g A xy 2 : , s> 5 ^ 2 y, 97X 2 y 2 , gwx 3 y 2 

on E/g . This implies that the base locus of Cw 1 on Wi is an irreducible rational curve C\ C 
E\ n E/ij given by equations x = y = 0. 

In order to resolve the indeterminacies of the map <pc w '■ W\ — *Iwe may set Wi = U!p 
with coordinates x, y, z. Then (|5.4p is the set of generators of the linear system Cw 1 - 

Let o"2 : W2 — > Wi be the blow up of the curve Ci with exceptional divisor £ , 2 . Threefold 

(2) 3 

W2 is covered by two affine charts W each isomorphic to C . We will again denote by x, y, z 

(2) 

the coordinates on each chart W . 
(2) 

The map Uy — > W\ is given by 

(x,y,z) 1 ^ (x,xy,z) 
and again the linear system £iy 2 = <7 2 „, (£w a ) is free on U{ . 

(2) 

The map 17% — ► Wi is given by 

(x,y,z) i ^ (xy,y,z). 
Then the linear system £iy 2 = o"^ 1 O^Wi) is generated by 

(5.5) giy, x, g 2 xy, g^xy 2 , g 5 x 2 y 2 , gjx 2 y 3 , gwx 3 y 4 
(2) 

on U% ■ This implies that the base locus of Cw 2 011 W2 is an irreducible rational curve C 2 C 

(2) 

E 2 (~1 C/ 2 given by equations x = y = 0. 

Finally, in order to resolve the indeterminacies of the map fc w ■ ^2 X we may set 

W 2 = Ur, with coordinates x, y, z. Then (|5.5p is the set of generators of the linear system £w 2 - 
Let (T3 : W3 — > W2 be the blow up of the curve C 2 with exceptional divisor £3. Threefold 

(3) 3 

W3 is covered by two affine charts U£ each isomorphic to C . We will again denote by x, y, z 

(3) 

the coordinates on each chart U) . 



(3) 

The map Uy — ► W2 is given by 



(x,y,z) ^ (x,xy,z) 



and again the linear system C\y 3 = C3* 1 (£\Y 2 ) 1S f ree 011 u[ 3 \ 

(3) 

The map U% — > W 2 is given by 

(x,y,z) 1 ^ (xy,y,z). 
Then the linear system £yK 3 is generated by 

91, S^y, S^y 2 , 95X 2 y 3 , g7X 2 y 4 , giox 3 y 6 
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on . This implies that the linear system Ly/ Z = a^} (£w 2 ) is f ree on ^2°'' an< ^ hence it is 
free on W 3 . 

Lemma 5.6. In the above notation, W3 is a non-singular weak Fano threefold such that the 
morphism <f>c w is crepant and the image X = <pc w (W3) is a Fano threefold with canonical 
Gorenstein singularities and degree 66. 

Proof. In the above notation, for 1 ^ j ^ 3 we have 

K Wi = o-*K Wi _ 1 + Ei 

and general element in Cw i ^ 1 is non-singular along the base curve Ci-i (see (|5.3p - (|5.5p ). Since 
C\y = I — K\y\, this implies that C | — Kyy z \ for all 1 ^ i ^ 3. In particular, divisor — Kyy 3 
is nef because the linear system Cw 3 is free. 

Furthermore, the image <P\~k w \(W) = (pCw 3 (Wz) is three-dimensional because —Kyy is big. 
This implies that divisor —K\y 3 is also big. 

Thus, W3 is a weak Fano threefold and morphism <PCw 3 is crepant. Moreover, by construc- 
tion W3 is non-singular. Then X = tpc Ws (W3) is a Fano threefold with canonical Gorenstein 
singularities (see [IB]). 

Finally, we have X = X 2g ^ 2 C F 9+1 for the genus g of X equal 34 because X = (pij^ w t(W) 
and dim [ — K\y \ = 35. □ 

Proposition 15.21 is completely proved. □ 

Remark 5.7. Obviously, Fano threefold X from Proposition 15. 21 is toric. From the precise view of 
the fan of X in the list obtained in [19] it is straightforward that X is Q-factorial and p(X) = 2. 
We will denote this X by Xqq. 

Proposition 5.8. In the above notation, if X = Xqq, then singularities of X are non-cDY . 

Proof. We use the notation from the proof of Proposition 15.21 From Lemma 15.61 we deduce 
that fc Ws '■ W3 — ► X is a terminal Q-factorial modification of X. In particular, we have 

£w 3 = I - Kw 3 1 ■ 

Let L t C E 2 be the fibre a^it), ieP 1 , and L' t be its proper transform on W3. 
Lemma 5.9. On W3 we have Kyy 3 ■ L' t = 0. 

Proof. Set El := (cr 2 o a 3 )*(Ei) and E* 2 := a%{E 2 ). On W 3 we have 

K Wa = (ffi o 02 o o- 3 )*(K w ) + El + E* + E 3 . 
Furthermore, on W3 we have 

E 3 -L' t = l, E\ ■ L' t = E 2 ■ L t = -1, El ■ L't = a^Ei) ■ L t = 0. 
Thus, we get K Wa ■ L' t = on W 3 . □ 

Let E' 2 be the proper transform of the surface E 2 on W 3 . 
Lemma 5.10. On W3 we have Kw 3 ■ E' 2 ■ E 3 = 0. 

Proof. In the notation from the proof of Proposition 15.21 let a 3 : W3 — > W 2 be the blow up of 

(2) 

the curve C 2 with exceptional divisor E 3 . Without loss of generality we may set W 2 = Uf> with 

(3) 

coordinates x, y, z. Then the threefold W3 is covered by two affine charts U- each isomorphic 

„ rg\ 
to C . We will again denote by x, y, z the coordinates on each chart U> . 

(3) 

The map U\ — > W 2 is given by 

(x,y,z) ^ (x,xy,z). 

Then general element S E £w 3 = I — K\v 3 \ = o~ 3 ^ (£w 2 ) is given by the equation 
9W + 90 + 92xy + giX 2 y 2 + g 5 x 3 y 2 + g 7 x 4 y 3 + 3i £ V = 
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on Ui where go G C (see (|5.5p ). On the other hand, the equation of E% on ll[ 3 ^ is x = and 
the equation of E 2 on W2 is y = 0. This implies that 

S n E' 2 n £ 3 = 

onLrf . 

(3) 

Furthermore, the map is given by 

(x,y,z) 1 ^ (xy,y,z) 

Then H ^2 H -E3 = because the equation of £3 on Ul ; is y = and the equation of £2 on 
W2 is y = 0. This implies that for general element S G C\y 3 = \ — K\V 3 \ 

SnE' 2 nE 3 = <b 

on f/ 2 (3) . Thus, we get K Ws ■ E' 2 ■ E 3 = on W 3 . □ 

Lemmas 15.91 and [ 5. 101 imply that divisor E' 2 is <pc W3 -exceptional and o := <pc w (E 2 ) is a point 
on X. Moreover, since the discrepancy a(E' 2 ,X) is zero, o G X is a non-cDV singular point by 
Theorem 12.211 Proposition 15.81 is completely proved. □ 

Now we turn to the second case in Lemma 15. 11 

Proposition 5.11. In the assumptions of Lemma \5.1l if W = Proj (Opi(6) Opi(2) © Opi), 
then —Ky = 70 and X = X70 is that constructed in Proposition \3.2l 

Proof. For W = Proj (C P i(6) C P i(2) © Opx) we have <p\- Kw \(W) = P(6,4, 1, 1) (see [IH Ch. 
4, Remark 4.2]). Then from Remark 14.51 and the assumption dim£\y G {35,36,37} we deduce 
that the initial Fano threefold X must be an image of P(6,4, 1, 1) C P 38 under the birational 
projection from a point, a line or a plane. Let ir : P(6, 4, 1, 1) — » X be this projection. 

Lemma 5.12. If n is the projection from a point, then X = Xjq is that constructed in Propo- 
sition 



Proof. Let O be the center of the projection ir. Then O belongs to P = P(6, 4, 1,1) because 
otherwise tt is an isomorphism which is impossible because P C P 38 is not degenerate. Moreover, 
if O is a smooth point on P, then —Kj^ = 71 which is also impossible. 

In the notation of Example 12.141 if O is distinct from P and Q, then O G P is a cAi point. 
By Lemma 13.61 we get X = X70 . 

Now, if O is either P or Q, then general hyperplane section S of P through O is a K3 surface 
with singularities worse than Du Val. Indeed, otherwise either P or Q is a cDV point which 
is impossible (see Proposition 12.23"! Example 12.141 and Theorem I2.2ip . In particular, we have 
k(S) < for the Kodaira dimension of the surface S. 

On the other hand, the projection ir induces a birational map S --■> S' on general surface 
S' G I —Kx\- This implies that k(S) = k(S'). But S' is a K3 surface with canonical singularities 
by Theorem 12.11 Thus, we get = k(S') = k(S) < 0, a contradiction. □ 

By Lemma 15.121 it remains to consider the cases when tt is either the projection from some 
line 7 or some plane f2. We will show that in each of these cases — K\ ^ {66, 68, 70}. 

Let us consider the projection from line 7 first. Since P = P(6,4, 1,1) is an intersection of 
quadrics (see Proposition I2.4p . its intersection with 7 is either a set of ^ 2 points or the whole 
7. Note that 7 n P 7^ because P C P 38 is not degenerate. 

Lemma 5.13. The line 7 is not contained in P. 

Proof. Suppose that 7 C P. Then we have —Kp -7 = 1. On the other hand, on P we have 
-K r ~ £¥(12) (see [ID]). Hence 

Op(1)-7=^ 
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which implies that 7 passes through a singular point on P. 

If 7 contains a cDV point, then by Lemma 13. 101 7 coincides with the singular locus of P. As 
in the proof of Lemma 15.121 for general hyperplane section S of P through 7 we have n(S) < 
and for its birational image S' on X we have k(S') = 0, a contradiction. In the same way we 
obtain a contradiction when 7 contains one of the non-cDV points of P. □ 

Thus, 7 intersects P at ^ 2 points. 

Lemma 5.14. In the above assumptions, 7 contains only smooth points o/P. 

Proof. In the notation of Example 12.141 if 7 contains a singular point on P distinct from P and 
Q, then by Lemma 13.61 X is an image under the birational projection of the threefold X70 from 
some point O on X-jq. 

If O is a smooth point, then — K x = 69 which is impossible. 

Thus, by Proposition 13.81 O € Xjq is the unique non-cDV point. Now, as in the proof of 
Lemma 15.121 for general hyperplane section S of X70 through O we have k(S) < and for its 
birational image S' on X we have n(S') = 0. 

The obtained contradiction implies that 7 contains only P and Q. Again, as in the proof 
of Lemma l5.12( for general hyperplane section S of P through 7 we have n(S) < and for its 
birational image S' on X we have n(S') = 0, a contradiction. □ 

Thus, 7 intersects P at ^ 2 smooth points. 

Lemma 5.15. In the above assumptions, we have —K x = 

Proof. Let S be a general hyperplane section of P through 7. Then S is a non-singular K3 
surface because 7 n P consists of ^ 2 smooth points. Furthermore, tt induces a birational map 
X ■ S — > S' on general surface S' £ | — Kx\ having canonical singularities (see Theorem 12. ip . 
This implies that S is the minimal resolution of S' and x is a regular morphism. 

Projection tt is given by the linear system C of all hyperplane sections of P through 7. Set 
Cs := C\s and Cs> ■= \ — Kx\\s'- Then we have Cs = X*£-S' an d in particular (L) 2 = (L') 2 for 
L £ Cs and L' G £5'. 

On the other hand, we have (L') 2 = —K x and (L) 2 = — Km. Thus, we obtain 

-K\ = (L') 2 = (L) 2 = 72. 

□ 

From Lemma 15.151 we get a contradiction with — K x G {66, 68, 70}. Now we turn to the final 
case when tt is the projection from plane £1. 

Lemma 5.16. The plane £1 is not contained in P(6,4, 1, 1). 

Proof. Suppose that II C P(6, 4, 1, 1). Then, as in the proof of Lemma [5. 131 any line on LT passes 
through a singular point on P(6,4, 1, 1). Now repeating word by word the arguments from the 
proof of Lemma 15.131 we obtain a contradiction. □ 

Since P = P(6, 4, 1, 1) is an intersection of quadrics, by Lemma 15.161 the intersection of P with 
Q is either a set of ^ 4 points or a (non-reduced, reduced or irreducible) conic. Again we note 
that 0, n P / because P C P 38 is not degenerate. 

Lemma 5.17. IfQnW is a finite set, then it contains only smooth points o/P. 

Proof. In the notation of Example 12.141 if 17 contains a singular point on P distinct from P and 
Q, then by Lemma 13.61 X is an image under the birational projection of the threefold X70 from 
some line 7' which is not contained in X70 and 7' R X70 ^ 0. 

If 7' does not pass through the singular point on X70, then repeating word by word the 
arguments from the proof of Lemma 15.151 we obtain that — K x = —K Xro . On the other hand, 
we must have — K\ < —K x , since the degree must decrease, a contradiction. 
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Thus, 7' contains unique singular point O on X70 (see Proposition I3.8j) . As in the proof of 
Lemma 15,121 for general hyperplane section S of X70 through O we have k(S) < and for its 
birational image S' on X we have k{S') = 0. 

The obtained contradiction implies that Vt contains only P and Q. Again, as in the proof 
of Lemma 15.121 for general hyperplane section S of P through 0, we have n(S) < and for its 
birational image S' on X we have k{S') = 0, a contradiction. □ 

Thus, if Vl intersects P by ^ 4 points, then by Lemma 15 . 1 71 and the arguments from the proof 
of Lemma 15.151 we obtain that — K% = 72 which is a contradiction with — K\ € {66, 68, 70}. 
Suppose that O intersects P by some conic C. 

Lemma 5.18. In the above notation, the set C Pi Sing(P) is non-empty and consists of cAi 
points. 

Proof. Since — Kf ■ C = 2 and — Kp ~ Op(12), on P we have 

O v (l)-C=\. 

6 

This implies that C passes through a singular point on P. 

Furthermore, in the notation of Example 12.141 if C contains either P or Q, then as in the 
proof of Lemma 15.121 for general hyperplane section S of P through we have k(S) < and 
for its birational image S' on X we have k(S') = 0, a contradiction. □ 

From Lemmas 15.181 and 13.61 we deduce that X is an image under the birational projection of 
the threefold Xjq from some line 7' on A70. 

Lemma 5.19. In the above notation, the line 7' passes through the singular point on A70. 

Proof. If 7' does not pass through the singular point on A70, then by construction X70 is 
isomorphic to P near 7'. This implies that there is a line on P not passing through the singular 
points which is impossible (see the proof of Lemma l5.13p . □ 

Thus, 7' contains unique singular point O on X70 (see Proposition I3.8P . Then, as in the proof 
of Lemma |5.12| for general hyperplane section S of Xjq through O we have k(S) < and for its 
birational image S' on X we have k(S') = 0, a contradiction. 

Proposition 15. Ill is completely proved. □ 

Now, for W?) ~ P 2 and H\w„ — Cp 2 (2) according to Proposition 8.7 in [26] there is a (Kw + 
Cw)-crepant birational map W —+ Wo onto a P 2 -bundle W over V. Then the pair (Wq,JZo) 
is canonical and the linear system Cq C | — K\y \ gives a birational map ipc '■ Wo — ■* X 
(see Remarks 14^41 and |4"3|) . Again by Lemma [5TT1 either W = Proj (O p i(5) C P i(2) C P i) or 
Proj (Opi (6) (Dpi (2) © O-pi ) and we repeat the arguments from the proofs of Propositions 15.21 
and 15.111 to get that the initial Fano threefold X is either A^ or A70 (see Remarks 13.121 and 
[5771). 

Finally, if W n ~ P 1 x P 1 , then Proposition 9.4 in [26] can be applied to the initial Fano 
threefold X having -K\ G {66,68,70}. A gain there is a (Kw + Cw)-crepant birational map 
W — » Wq onto a ¥ 2 -bundle Wo over V and the previous arguments work. 

Theorem 11.41 is completely proved in the case when V is a curve. 

6. Proof of Theorem 11.41 in the case when V is a surface 

We use notation and assumptions from Section [H In the present section g : W — ► V is a 
{Kw + "Hyi^-ne-gatrve extremal contraction on the surface V. Following the lines in the proof of 
Proposition 10.3 in [26] we will show that this situation is impossible. 

Lemma 6.1 ([26, Lemma 10.1]). The surface V is non-singular and the contraction g : W — > V 
is a P 1 -bundle. 
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For the fibre F of the contraction g we have — K\y ■ F = 2. This and the equivalence 

Kw + TCw + Dw ~ 

imply that divisors H G 7Yiy and Z?iy are the sections of <?. 

Set £ := g^Ow{H). Then f is a rank 2 vector bundle and W ~ P(£). By Lemma 4.4 in [26J 
we have 

(6.2) dim|fl'| + l = /» (V,£)=x(V,£). 

Proposition 6.3. In the above notation, we have 6.m\\H\ G {32,33,34,35}. 

Proof. According to Remark 14.61 we have dim|i?| ^ 32. 

Suppose that dim \H\ ^ 36. Then it follows from the proof of Proposition 10.3 in [26] that W = 
P(Op2(3)©Op2(6)). In this case the anti-canonical image of W is P(3, 1, 1, 1) (see Example l2.12p . 

From Remark 14.51 and the assumption dim Cw G {35,36,37} we deduce that the initial Fano 
threefold X must be an image of lp\_k w \(W) = P(3> 1, 1, 1) C P 38 under the birational projection 
from a point, a line or a plane. Let tt : P(3, 1, 1, 1) — » X be this projection. 

Lemma 6.4. If tt is the projection from a point, then K x £ {66, 68, 70}. 

Proof. Let O be the center of the projection tt. Then O belongs to P = P(3, 1, 1, 1) because 
otherwise tt is an isomorphism which is impossible because P C P 38 is not degenerate. If O is a 
smooth point on P, then — K x = 71. 

Now let O be the unique singular point on P. Then singularity O G P is non-cDV (see 
Example 12 . 1 2 1 and Theorem I2.21H . This implies that general hyperplane section S of P through 
O is a K3 surface with singularities worse than Du Val (see Proposition 12.23] ). In particular, we 
have k(S) < for the Kodaira dimension of S. 

On the other hand, the projection tt induces a birational map S — » S' on general surface 
S' G | — Kx\- This implies that k(S) = n(S'). But the surface S' has canonical singularities by 
Theorem 12. 11 Thus, we get = k(S') = k(S) < 0, a contradiction. □ 

Lemma 6.5. If it is the projection from a line, then —K\ ^ {66,68,70}. 

Proof. Let 7 be the center of the projection it. Then 7 must intersect P = P(3, 1, 1, 1) because 
otherwise tt is an isomorphism which is impossible because P C P 38 is not degenerate. Moreover, 
7 is not contained in P, since divisor — Kf is divisible in Pic(P), and intersects P at ^ 2 points 
because P is an intersection of quadrics (see Proposition 12. 4\) . 

If 7 contains unique singular point on P, then as in the proof of Lemma 16.41 for general 
hyperplane section S of P through 7 we have k(S) < and for its birational image S' on X we 
have k(S') = 0. Thus, we get = k(S') = k(S) < 0, a contradiction. 

Finally, if 7 contains only smooth points on P, then general hyperplane section S of P through 
7 is a non-singular K3 surface. Furthermore, the projection tt induces a birational map r\ : S —•* 
S' on general surface S' G | — Kx \ ■ The surface S' has canonical singularities by Theorem 12.11 
This implies that S is the minimal resolution of S' and r\ is a regular morphism. 

Projection tt is given by the linear system C of all hyperplane sections of P through 7. Set 
Cs := £\s and C$> '■= \ — Kx\\s'- Then we have Cs = rfCs' an d m particular (L) 2 = (L') 2 for 
L G Cs and V G £5'. 

On the other hand, we have (L') 2 = —K x and (L) 2 = —Kp. Thus, we get 

-K\ = {L'f = (L) 2 = 72. 

□ 

Lemma 6.6. If tt is the projection from a plane, then —K\ ^ {66,68,70}. 
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Proof. Let Q be the center of the projection ir. Then must intersect P = P(3, 1, 1, 1) because 
otherwise ir is an isomorphism which is impossible because P C P 38 is not degenerate. Moreover, 
Q is not contained in P, since divisor — Kp is divisible in Pic(P). Then by Proposition 12.41 f2 
intersects P either at ^ 4 points or a conic. 

If 0, intersects P at ^ 4 points, then we repeat word by word the arguments from the proof 
of Lemma 16.51 to obtain that — K\ = 72. 

Now let ft fl P be a conic C. Note that C is reduced and irreducible because divisor — Kp is 
divisible in Pic(P). The image of P under the isomorphism (f\i Kp \ is the cone over del Pezzo 
surface of degree 9. This implies that ip,_i K ,(C) is the generatrix of this cone. 

Hence conic C contains unique singular point on P. Then, as in the proof of Lemma 16.41 for 
general hyperplane section S of P through f2 we have k(S) < and for its birational image S' 
on X we have k(S") = 0. Thus, we get = n(S') = k(S) < 0, a contradiction. □ 

From Lemmas l6.4H6.6l we derive a contradiction with dim|ff| ^ 36. Proposition 16.31 is com- 
pletely proved. □ 

Lemma 6.7 (|26j). In the above notation, the surface V is rational. 

Proof. From the Leray spectral sequence and Kawamata-Vieweg Vanishing Theorem we deduce 
that H l {V,O v ) = H l {W,O w ) = 0. 

Furthermore, the surface V is dominated by an irreducible component of the surface Dw 
of negative Kodaira dimension (see Remark 14. ip . Since V is non-singular by Lemma 16.11 this 
implies that the surface V is rational. □ 

Remark 6.8. By |2~6l Lemma 10.4] and Lemma 16.71 we may assume that either V ~ P 2 or F n for 
some Moreover, by \26\ Lemma 10.12] in the last case we have n ^ 4. 

Let us denote by c, := the i-th Chern class of the rank 2 vector bundle £ , i = 1, 2. Then 
by the relative Euler exact sequence we have 

—K\y ~ 2H + g*( 

and by the Hirsh formula 

H 2 = H-g*ci-c 2 , 
In particular, we get the following formula: 

(6.9) -K$y = &Kl + 2c 2 -8c 2 . 

Recall also the Riemann-Roch formula for rank 2 vector bundles over a rational surface: 

(6.10) x{£) = \{cl-2c 2 -Kvc l )+2. 
We will need the following lemmas: 

Lemma 6.11 ([26]). In the above notation and assumptions, the inequality 

d ■ B < -3K V ■ B 

holds for every nef divisor B on V . 
Proof. Since 

D w ~H + g*(-K v - Cl ), 
for the nef divisor B on the surface V we have 

< -K w -D w -g*B = 2H 2 -g*B + 3(-K v - Cl )-B = 2 Cl -B + 3(-K v - Cl )-B = —3KyB—c\-B. 

□ 

Lemma 6.12 ([26]). In the above notation and assumptions, let B > be a nef divisor on the 
surface V such that —Kw • D\y ■ g*B = 0. Then divisor —K\y is nef. 



-Kv-ci) 
H 3 = c 2 - c 2 . 
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Proof. Let R be a horizontal curve on W such that — Kw ■ R < 0. Then 

D w -R= (—Kw -H)-R<0. 

This implies that R C L n -Dyt/ f° r a general surface L G | - -K"w|- But from the condition 
of lemma we deduce that the intersection L n Dw is composed of fibres of the morphism g, a 
contradiction. □ 

Lemma 6.13. In the above notation and assumptions, the class —Ky + c\ is nef on V. 

Proof. The linear system | — K\y\ does not have fixed components and divisor H is nef (see 
Remarks 14.41 and 14.5ft . Then for every irreducible curve C on the surface V we have 

s$ -K w -H-g*C = 2H 2 ■ g*C + (-Ky - ci) ■ C = 2ci • C + (-Ky -c x )-C= (-Ky + ci) • C. 

□ 

Lemma 6.14 ([Ml Lemma 10.6]). In i/te above notation and assumptions, let Z C V be an 
irreducible rational curve such that dim|Z| > and let £\z — Cpi(di) © Opi^)- Then \di — 
d%\ ^ 2 + Z 2 . Moreover, if V ~ F n , n ^ 0, anrf Z zs i/te tautological section on V, then 
\di - d 2 \ = ci(£) • Z. 

Proof. Let m := — c?2 ! and G := g~ 1 (Z). Then G ~ F m and for the negative section S on G 
we have 

(6.15) -2 + m = -2 - S 2 = JT G • S = iT w • S + G • S = K w ■ S + Z 2 . 

Since the linear system | — iT^H does not have fixed components, we get Ky/ ■ S ^ and hence 
m < 2 + Z 2 . 

Moreover, if Z is the tautological section on V ~ F n , n ^ 0, then Z 2 = n and 

if w • E = 5 *(i^ + ci(5 )) • E = (ify + ci(f )) • Z = -n - 2 + c x (£) ■ Z. 
From (I6.15j) we obtain m = c\(£) • Z. □ 

Recall that by Remark 16.81 we have either V = P 2 or F n where n G {0, 2, 3, 4}. We will show 
that each of these cases is impossible. 

Proposition 6.16. In the above notation and assumptions, we have V ^ P 2 . 

Proof. Suppose that V = P 2 . 

We have H 2l (F 2 ,Z<) ~ Z, i = 1, 2. Hence we may assume that ci and C2 are integers. Then 
by Lemma 16.111 ^ c\ ^ 9. 

Lemma 6.17. In the above notation, the rank 2 vector bundle £ is not decomposable. 

Proof. Suppose that £ is decomposable. Then £ ~ C P 2(a) © C P 2(a + b) for some 6^0. Since 
.ff is nef we also have a 0. 

Furthermore, we have ci = 2a + b and C2 = a 2 + a6. Thus, from (|6.10p we get 

X (V, S) = - (2a 2 + 2a6 + b 2 + 6a + 36) + 2. 

By (|6.2p and Lemma [631 y(V. £) G {33,34,35,36}. Then from the previous expression and 
the estimates a, b ^ 0, ^ c\ ^ 9 it is easy to see that the only possibility is x(F,£) = 36 and 
M) = (4,l). 

In particular, we have c\ = — 3Ky. Then it follows from the proof of Lemma 16.111 that 

-K w -Dwg*B = 

for every curve B on the surface V. From Lemma 16.121 we deduce that — Kw is nef and hence 
W is a weak Fano threefold. 
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On the other hand, for (a, b) = (4, 1) we have c 2 = 20. Then by jESJ -K^ = 56 and by the 
Riemann-Roch formula and Kawamata-Vieweg Vanishing Theorem we get 

dim | - K w | = ~\ K w + 2 = 30. 
But according to Remark 14.61 dim | — Kw\ 35, a contradiction. □ 

Remark 6.18. It follows from the arguments in the proof of Proposition 10.3 in [26] that if c\ = 9, 
then £ is decomposable. Thus, by Lemma 16.171 we have ^ c\ ^ 8. 

Lemma 6.19. The class c\ is even. 

Proof. Suppose that c\ is odd. Then by Remark 16.181 we have c\ = 2m — 3 for some 2 ^ 
m ^ 5. Since by (|6.2p and Lemma [631 we have x(Y-,£) £ {33,34,35,36}, from (|6.10p we get 
2m 2 — 3m — c 2 ^ 31. Then 

ci(£ (— m)) = —3, c 2 (£ (— m)) = c 2 — m 2 + 3m ^ m 2 — 31 < 0. 

By the Riemann-Roch formula and Serre Duality we obtain 

h°(£(-m)) + h°(£(-m) ®det£(-m)*® 0(-3)) ^ x(V,£(-m)) > 1. 

Thus, H°(£(—m)) ^ 0. Let s G H°(£(—m)) be a nonzero section. If s does not vanish any- 
where, then there is an embedding £(—m) and £(—m) is decomposable. This contradicts 
Lemma 16.171 

Let D / 7 C P 2 be the zero locus of s. Since c 2 (£ (— m)) < 0, we have dimY = 1. Take a 
general line 2cP 2 and let the intersection Z fl Y consists of points. Since ci(£ (— m)) = —3, 
we have 

£{-m)\ z = O w i(k) ®Opx(-k-3). 
Then by Lemma 16.141 we get 2k + 3 ^ 3. Hence k = and Y = 0, a contradiction. □ 

From Lemma 16.191 and Remark 16. 181 we deduce that c\ = 2m — 2 for some 1 ^ m ^ 5. Since 
by (|6.2j) and Lemma IBT31 we have x(V,£) G {33,34,35,36}, from (|6.10j) we get 2m 2 — m — C2 ^ 32. 
Then 

ci(£(-m)) = -2, c 2 (£(-m)) = c 2 - m 2 + 2m < m 2 + m - 32 < 0. 

As in the proof of Lemma 16.191 we obtain H (£ (— m)) 7^ and a section s G H°(£(—m)) 
with one-dimensional zero locus Y C P 2 . 

Take a general line Z C P 2 and let the intersection Z n Y consists of points. Since 
ci(£ (— m)) = —2, we have 

£(-m)\ z = F i(k) ®O w i(-k - 2). 

Then by Lemma 16.141 we get 2k + 2 ^ 3. Hence Zs = and Y = 0, a contradiction. 

Proposition 16. 16l is completely proved. □ 

Proposition 6.20. In the above notation, we have V 7^ F n for n G {0,2,3,4}. 

Proof. Suppose that V = ¥ n , n G {0, 2, 3, 4}. 

We have H 4 (¥ n , Z) ~ Z and H 2 (¥ n , Z) ~ Z ■ /t © Z • Z where Zi is the negative section and Z is 
a fibre on F n . Set ci := a/i + bl, c 2 := c where a, 6, c G Z. Then by Lemma 16.111 we have 

(6.21) a = d ■ I ^ -3K V ■ I = 6, b = c\ ■ (h + nl) < 3(2 + n). 

Moreover, a ^ and b ^ na because H is nef. 

Let p, q be the integers such that a = 2p + a' , b = 2q + b' for some a', 6' G Z with — 2 ^ 
a', 6' ^ —1. Consider the twisted bundle £' := £ <g> 0^ (— P — (?)■ Set c£ := Cj(£' ) to be the i-th 
Chern class of £ ', i = 1, 2. We have 

(6.22) c[ = a'h + VI, c' 2 = c + nap — aq — bp — np 2 + 2pg. 
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Furthermore, from (|6.10j) we obtain 

(6.23) x(V, £) = -~na(a + 1) + ab + a + b - c + 2 
and 

(6.24) X (V, £') = (b' - \na'){a' + 1) + a' - c' 2 + 2. 
Lemma 6.25. In the above notation, ifn = 0, then c' 2 < and x(F,£') > 0. 
Proof. By (I6.2ip we have ^ a, b ^ 6. Furthermore, from (|6.22j) and (16.230 we get 

4 = c - aq - bp + 2pq = ^ab + a + b - x(V, S)+2 + ^a'b'. 

By (16.21) and Lemma IBT31 y(V. £) G {33,34,35,36}. Then it is easy to see that c' 2 < when 
either a or b is less than 6. Moreover, c 2 < for all ^ a, b ^ 6 and x(Yi ^ {35, 36}. 

Suppose that a = b = 6 and 5) € {33, 34}. In particular, we have c\ = 6h + 61 = —3Ky. 
Then it follows from the proof of Lemma 16.111 that 

-K w -D w -g*B = 

for every curve B on the surface V. From Lemma 16.121 we deduce that — K\\r is nef and hence 
W is a weak Fano threefold. 

On the other hand, from (|6.23[) we get 

X(V,S) = ab + a + b-c + 2 

Then for a = b = 6 and x(Y,£) € {33,34} we have c € {16, 17}. From (JO]) we get -K^ E 
{64, 56} and hence by the Riemann-Roch formula and Kawamata-Vieweg Vanishing Theorem 

dim | - K w \ = -\^ K w + 2 ^ 34. 

But according to Remark 14.61 dim | — K\y\ 35, a contradiction. Thus, we get c 2 < 0. 
Now, from (|6.24p we get 

x (V,£') = b'(a' + l)+a'-c' 2 + 2. 

Since -2 ^ a', V ^ -1 and d 2 < 0, we have x(V, £') > 0. □ 

Lemma 6.26. In the above notation, ifn = 2, then c 2 < and x(^> £') > 0. 

Proof. By (|6.2ip we have 2a ^ b ^ 12 and ^ a ^ 6. Furthermore, from (|6.22p and (|6.23p we 
get 

c 2 = c + 2ap -aq-bp- 2p 2 + 2pq = -^a 2 + ^ab + b- x(V, £) + 2 - ^a' 2 + -a'b' . 

By dS2} and Lemma O x(V, 5) € {33,34,35,36}. Then for 2a < 6 < 12 and sC a < 6 we 
have 

c' 2 ^ -^a 2 + 6a + 14 - x(V, £) - ^a' 2 - a' < 32 - X (V, £) - ^a' 2 - a' ^ -1 - ^a' 2 - a < 0. 

Finally, from (|6,24p we get 

X (V,£') = {b' - a')(a' + 1) + a' - c' 2 + 2. 

Then x(V, £') only for a' = -2 and b' = -1 because -2 < a', b' < -1 and c' 2 < 0. 

But if a' = —2 and 6' = —1, then x(V,£') ^ only for c' 2 = —1. Moreover, for b' = — 1 we 
have 6 ^ 11. Thus, we get 

-l = c' 2 < - X -a 2 + Y a + 12 ~X(V,£) < -1, 
a contradiction. Hence x(V, £') > 0. □ 
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Lemma 6.27. In the above notation, if n = 3, then c' 2 < and x(V: £') > 0. 

Proof. By (|6.21j) we have 3a ^ b ^ 15 and hence ^ a ^ 5. Furthermore, from (|6.22p and 
(pT23"1) we get 

3 11 3 1 

c' 2 = c + 3ap — aq — bp — 3p 2 + 2pq = — -a 2 + -ab — -a + b — £) + 2 — -a' 2 + -a'b ' . 

By dH2D and Lemma x(V, S) G {33,34,35,36}. If x(V,£) G {34,35,36}, then for 3a < 
b ^ 15 and ^ a ^ 5 we have 

4 < -^« 2 + 7a + 17 - X (V, £) - \a' 2 + -a'b' < 33 - X (V, £) - ^ 0. 

If x(V, 5) = 33, then for 3a ^ b ^ 14 and ^ a ^ 5 we have 

c > ^ A a 2 + H a _ 17 _ * I a / 6 / ^ _3 2 13 3 2 

2 4 2 42 4 2 4 

Furthermore, for x(V, £) = 33, b = 15 and ^ o ^ 4 we have 

c' 2 = -?a 2 + 7a - 16 - |a /2 - -a' < 0. 
4 4 2 

Suppose that x(V,£) = 33, a = 5 and 6 = 15 (note that c' 2 = in this case). Then from 
(|6.2ip and the proof of Lemma 16.111 we deduce that 

-K w ■D w -g*B = 

where B ~ h + 31 on V . Lemma 16.121 implies that —Kw is nef and hence W is a weak Fano 
threefold. 

On the other hand, from (|6.23p we get 

3 

X{V, £) = --a(a + l) + ab + a + b-c + 2. 

Then for X (V,£) = 33, a = 5 and b = 15 we have c = 19. From (|6.9p we get —K w = 46 and 
hence by the Riemann-Roch formula and Kawamata-Vieweg Vanishing Theorem 

dim | - K w | = ~\k w + 2 = 25. 

But according to Remark 14.61 dim | — K\y\ 35, a contradiction. Thus, we get c 2 < 0. 
Now, from (|6.24p we get 

x (y,£') = (b'-*-a')(a' + l) + a'-cl 1 + 2. 

Then x(V, £') < only for a' = -2 because -2 < a', 6' < -1 and c' 2 < 0. 
If a' = -2 and b' = -1, then x(V, £') = -2 - c' 2 and 

4 = ~\a 2 + \ab - -a + b - X (V, £). 

Since a' = —2, we get ^ a ^ 4. Then for 3a ^ b ^ 13 we have 

3 3 
c' 2 < --a 2 + 6a + 13-x(V,f) < --a 2 + 6a -20 < -2. 

Furthermore, for b > 13 we get b = 15 because 6' = —1. Then for ^ a ^ 3 we have 

c 2 s$ -^a 2 + 7a + 15 -x(Y,S) < -jja 2 + 7a - 18 < -2. 

Suppose that a = 4 and b = 15 (note that c' 2 = —2 and hence x(V,£') = in this case). Then 
from (|6.2ip and the proof of Lemma 16.111 we deduce that 

-K w ■D w -g*B = 
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where B ~ h + 3/ on V. Lemma 16.121 implies that — Kw is nef and hence If is a weak Fano 
threefold. On the other hand, for a = 4 and 6 = 15 from (|6.23[) we get c = 51 — x^Vi £) an d 
hence c G {15, 16, 17, 18}. Then by (JES]) we have -K w G {48, 56, 64, 72}. 

If -K w = 72, then from Theorem Ol Remarks I2TT31 and I2TT51 we deduce that the 
threefold W is isomorphic to that constructed either in Example 12.121 or in Example 12.141 In 
particular, we have either p(W) = 2 or 5 which is impossible because p(W) = 3. 

Furthermore, for — K^ G {48, 56, 64} by the Riemann-Roch formula and Kawamata-Vieweg 
Vanishing Theorem we have 

1 , 

dim | - K w \ = ~2 K W + 2 < 34 - 

But according to Remark 14.61 dim | — K\y\ ^ 35, a contradiction. 
Finally, if a' = -2 and b' = -2, then X (V, £') = -!- c' 2 and 

4 = -\a 2 + 2 ab ~ \ a + b ~ + L 

We have a ^ 4 and 3a ^ b ^ 14. Then 

4<-^a 2 + H a _i8<-l. 
2 4 2 

Thus, we get x{V, £') > 0. □ 

Lemma 6.28. In the above notation, if n = 4, i/ien c' 2 < and x(^^') > 0. 

Proof. By (|6.2ip we have 4a ^ 6 ^ 18 and hence ^ a ^ 4. Furthermore, from (|6.22p and 
(IQ31) we get 

c' 2 = c + 4ap -aq-bp- Ap 2 + 2pq = -a 2 + ^ab -a + b- x(V, £ ) + 2 - a' 2 + ^a'o'. 

By ([62]) and Lemma E3j x(V, 5) G {33, 34, 35, 36}. If b < 17, then for < a < 4 we have 

15 1 15 

Co < -a 2 H a - 14 - a' 2 + -a'o' -a 2 H a - 14 - a' 2 - a' < 0. 

2 2 2 2 

Suppose that 6 = 18 and x(V> £) £ {33, 34, 35}. Then c' 2 ^ only for a G {3, 4}. Furthermore, 
from (|6.2ip and the proof of Lemma 16.111 we deduce that 

-K w -D w -g*B = 

where B ~ h + 4/ on V. Lemma 16.121 implies that —Kw is nef and hence If is a weak Fano 
threefold. 

On the other hand, for a G {3, 4} and b = 18 from (I6.23P we get 

c = a(17-2a) + 20-x(^,£) 
and hence 17 ^ c ^ 23. Since for a G {3, 4} and b = 18 we have c? G {72, 80}, from fl6Jj|) we get 

-K w G {192 - 8c, 208 - 8c}. 

If c = 17 and c\ = 80, then -K w = 72 and from Theorem [L3l Remarks EJ3 [233] and Ejjj] 
we deduce that the threefold W is isomorphic to that constructed either in Example 12.121 or 
in Example 12.141 In particular, we have either p(W) = 2 or 5 which is impossible because 
p(W) = 3. 

Furthermore, for 18 ^ c ^ 23 we have 

-K w ^ 208 - 8c < 64 
and by the Riemann-Roch formula and Kawamata-Vieweg Vanishing Theorem 

dim | - K w | = ~\ K W + 2 < 34 - 
But according to Remark 14.61 dim | — Kw\ ^ 35, a contradiction. 



ON FANO THREEFOLDS WITH CANONICAL GORENSTEIN SINGULARITIES 25 

Suppose that b = 18 and x(V, £) = 36. Then again c' 2 ^ only for a € {3, 4}. By the previous 
arguments W is a weak Fano threefold such that — 56 and hence dim | — Kw\ ^ 30 which 

contradicts the estimate in Remark 14.61 Thus, we get c 2 < 0. 

Now, from (|6.24|) we obtain 

X (V, £') = (b' - 2a') (a' + 1) + a' - c' 2 + 2. 

Then x(V, £') only for a' = -2 because -2 < a', b' < -1 and c' 2 < 0. 
If a! = -2 and b' = -1, then X (V, £') = -3 - c' 2 and 

c' 2 = -a 2 + ^ab - a + b - X (V, £) - 1. 

Since 6' = —1, we have 4o ^ b ^ 17. If ^ a ^ 3, then we have 

/ 2 15 

c 2 ^ —a + —a — 17 < —3. 

If a = 4 and 4a ^ b ^ 16, then we have 

c' 2 ^ -54 + 36 < -3. 

Suppose that a = 4 and b = 17 (note that c 2 = —3 and hence x(V, 5') = in this case). Then 
we have — ify + ci = 6/i + 23/ which is not nef on V. This contradicts Lemma 16.131 
Finally, if a' = -2 and b' = -2, then x(V, £') = -2 - c 2 and 

c' 2 = -a 2 + X -ab - a + b - X (V, £)■ 

If 4a ^ 6 ^ 16, then for ^ a ^ 4 we have 

c' 2 < -a 2 + 7a - 17 < -2. 

Furthermore, for b > 16 we get b = 18 because 6' = —2. Then for ^ a ^ 3 we have 
^ a ^ 2, since a' = —2, and 

c' 2 ^ -a 2 + 8a - 15 < -2. 
Suppose that b = 18 and a = 4. Then, as in the proof of the estimate c 2 < 0, we get that W 
is a weak Fano threefold such that either — Ky^ = 72 or —Kyy ^ 64. As we have seen this is 
impossible. Thus, we get x(Y, £') > 0. □ 

Lemma 6.29 ([26, Claim 10.18]). In the above notation, we have H°(V,£') ^ 0. 

Proof. Assume that H°(V,£') = 0. Then by Lemmas we have H 2 (V,£') ^ 0. Fur- 

thermore, by Serre Duality 

H 2 (V,£')* ~ H°(V,£'* ®K V ) ~H°(V,£'®det£'*®K v ). 

But (det£'* ® K v y = O v ({a' + 2)/i + {b' + n + 2)1) and hence ff°(V, (det£'* ® ify)*) / 0, a 
contradiction. □ 

Let s £ H°(V,£') be a nonzero section. If s does not vanish anywhere, then £' is an extension 
of some line bundle £\ by O. But then c 2 = which is impossible by Lemmas [6]25H628j 

Let 7^ Y C V be the zero locus of s. Since c' 2 < 0, we have dimY = 1. Let Y ~ q\h + q 2 l. 
Then the restriction of £' on general curve \h + nZ | is 

£'\ z = Fl (q 2 )(BO F i(b' -q 2 ). 

By Lemma 16. 141 applied to £' we have 

^ 2g 2 - b' = c[ ■ Z = b' < -1, 

a contradiction. Proposition 16.201 is completely proved. □ 

From Propositions 16.161 and 16.201 we derive a contradiction in case when V is a surface which 
completes the proof of Theorem 11.41 
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